We prove a version of Grothendieck's descent theorem on an 'enriched' principal fiber bundle, a principal fiber bundle with an action of a larger group scheme. Using this, we prove the isomorphisms of the equivariant Picard and the class groups arising from such a principal fiber bundle.
Introduction
This paper is a continuation of [Has3] .
Let S be a scheme, and G a flat S-group scheme. In [Has3] , we have defined the equivariant class group Cl(G, X) for a locally Krull G-scheme X. Utilizing Grothendieck's descent theorem, we have proved that for a principal G-bundle ϕ : X → Y , Y is locally Krull, and the inverse image functor ϕ reserved for a different notion, which is deeply related, see Example 7.6). The purpose of this paper is to prove the enriched descent theorem, which yields an isomorphism ϕ * : Cl(H, Y ) → Cl(G, X). A similar isomorphism ϕ * : Pic(H, Y ) → Pic(G, X) is also proved. The isomorphism is induced by the corresponding equivalence of the categories of quasi-coherent sheaves, ϕ * : Qch(H, Y ) → Qch(G, X). This enriched Grothendieck's descent is conceptually trivial, and probably checked relatively easily for simpler cases. In this paper, we do not assume that ϕ is flat, quasi-compact, quasi-separated, or locally of finite type (these assumptions are automatically satisfied if N → S satisfies the same conditions, see Lemma 2.12). However, the original Grothendieck's descent is known under the same general settings (even more is known, see [Vis, (4.46) ]), and we try to prove the enriched version without these redundant assumptions.
The quasi-inverse of ϕ * is (?) N • ϕ * , the direct image followed by the Ninvariance. However, this does not mean ϕ * preserves the quasi-coherence, as we do not assume that ϕ is quasi-compact quasi-separated. As we do not assume that ϕ is flat, there are some technical problems in treating the quasi-coherent sheaves on the small Zariski site, and it is more comfortable to treat the big site with flat topology. Finally, as we do not put any finiteness assumptions on ϕ : X → Y , it is suitable to treat the fpqc topology, not the fppf topology.
As a biproduct, we have an isomorphism ϕ * : Pic(H, Y ) → Pic(G, X) for non-flat huge groups (Corollary 7.2).
Sections 2 to 5 are devoted to preliminaries. In section 2, we define quasi-fpqc (qfpqc for short) morphisms of schemes (Definition 2.2). The topology defined by quasi-fpqc morphisms is the same as that defined by fpqc morphisms. However, any group scheme is qfpqc, and it is comfortable to treat qfpqc morphisms when we do not put the flatness assumption on groups. We point out that various properties of morphisms of schemes descend with respect to qfpqc morphisms (Lemma 2.4).
In section 3, we give a way to make the big fpqc site skeletally small in a reasonable way. We measure the 'size' of a morphism by a cardinal, and we only treat the morphisms whose size is bounded by a fixed regular cardinal. This way, we can avoid set-theoretic problems in treating fpqc topology. Sizing schemes using a cardinal is treated in [dJ, (3.9) ], and our approach can be viewed as a relative version of that in [dJ] . Our definition of κ-morphisms for a regular cardinal κ enables us to treat all schemes T (of arbitrary size) as a base scheme (see the condition 4 in (5.1)).
Section 4 is a preliminary on sheaves on ringed sites. As an abstraction of Kempf's result [Kem, Theroem 8] , we give a sufficient condition for cohomology functors to be compatible with direct limits (Lemma 4.7) . Using this, we compare quasi-coherent sheaves on different ringed sites.
In section 5, we introduce several sites related to diagrams of schemes. It is convenient to grasp G-equivariant quasi-coherent sheaves on X as a quasi-coherent sheaves over the finite diagram of schemes B M G (X), and a wellbehaved treatment of dualizing complexes is known for this category [Has2] . However, sometimes we want to consider the full simplicial schemes. It seems that this would be necessary when we pursue the cohomological descent as in [SD] . Moreover, for our purpose, considering big sites is necessary. Some of our argument in section 6 does not work for small Zariski site. The point is the exactness of the inverse image (Lemma 5.13) and the fact that Lipman's theta is an isomorphism (Lemma 5.14) .
On the other hand, the big sites with non-flat morphisms are too big when we consider the derived category, since the full subcategory of quasi-coherent sheaves is not closed under kernels in the whole category of modules. So we compare these sites, and give a proof for the fact that the categories of quasicoherent sheaves are all equivalent, although it seems that this is well-known for experts.
In the last section, section 6, we prove the enriched Grothendieck's descent theorem. Our main theorem is on the equivariant modules on the fpqc site, Theorem 6.20. The author does not know if the same statement for the small Zariski site is true. We get the corresponding assertion for quasi-coherent sheaves (note that the quasi-coherent sheaves are essentially independent of the choice of the ringed site, as proved in section 5) immediately (Corollary 6.21). We do not know how to prove Corollary 6.21 directly without using the fpqc site in this generality, although it seems that the additional assumption that G is flat and quasi-compact quasi-separated would make it possible relatively easily. The choice of the fpqc site is effective in our proof. See the proof of Lemma 6.18 and Theorem 6.20.
As corollaries, we prove the isomorphisms between the equivariant Picard and the class groups arising from an enriched principal fiber bundle, see Corollary 7.2 and Corollary 7.4.
We will see some applications of the enriched descent in the continuation of this paper [Has4] .
Acknowledgment: The author is grateful to Professor Shouhei Ma for kindly showing him the reference [Vis] .
2. Quasi-fpqc morphisms and enriched principal bundles (2.1) This paper is a continuation of [Has3] . We follow the notation and terminology there, unless otherwise specified. Throughout this paper, let S be a scheme. Definition 2.2. A morphism of schemes ϕ : X → Y is said to be quasi-fpqc (or qfpqc for short) if there exists some morphism ψ : Z → X such that ϕψ is fpqc.
Lemma 2.3. The following hold true.
1 A morphism ϕ : X → Y is fpqc if and only if it is qfpqc and flat.
2 A base change of a qfpqc morphism is qfpqc.
3 A composite of qfpqc morphisms is qfpqc.
4 A qfpqc morphism is submersive. In particular, it is surjective. 5 A group scheme G over S is qfpqc over S.
Proof. 1 The 'only if' part is trivial. We prove the 'if' part. So there is a morphism ψ : Z → X such that ϕψ is fpqc. Let U be a quasi-compact open subset of Y . Then there is a quasi-compact open subset V of Z such that ϕ(ψ(V )) = U. As ψ(V ) is quasi-compact and contained in ϕ
2 and 3 are easy. 4 follows from [Gro2, (2.3.12) ]. 5 is because S → G → S is the identity, where the first map S → G is the unit of the group scheme.
Lemma 2.4. Let P be a property of morphisms of schemes. Assume that
is an affine open covering, then f satisfies P if and only if
2 Let f : X → Y be a morphism, g : Y ′ → Y a morphism, and assume that Y and Y ′ are affine.
(i) (base change for affine bases) If f satisfies P, then the base change
(ii) (flat descent for affine bases) If f ′ satisfies P and g is faithfully flat, then f satisfies P.
Then if f : X → Y is a morphism of schemes, g : Y ′ → Y a qfpqc morphism of schemes and the base change f ′ satisfies P, then f satisfies P. In particular, if f ′ satisfies one of separated, quasi-compact, quasi-separated, locally of finite presentation, proper, affine, finite, flat, faithfully flat, smooth, unramified, etale, submersive, a closed immersion, an open immersion, an immersion, an isomorphism, fpqc, and qfpqc, then f satisfies the same property. If Q is a property of an algebra essentially of finite type over a field such that the base change and the descent holds for any base field extension, and P is 'any fiber satisfies Q,' then P descends with respect to a qfpqc base change. So if Q is one of geometrically normal, geometrically reduced, Cohen-Macaulay, Gorenstein, and local complete intersection, and f ′ satisfies P, then f satisfies P.
Proof. The first assertion is rather formal, and is left to the reader. Most of the examples of P are listed in [Vis, (2.36) ]. We only prove that the property P = qfpqc satisfies 2, (ii). As f ′ is qfpqc, there is a morphism h : U → X ′ such that f ′ h is fpqc. As g is also fpqc, the composite gf
So f is qfpqc, as required.
(2.5) From now on, unless otherwise specified, let G be an S-group scheme, and N ⊂ G a normal subgroup scheme of G. That is, N is a subscheme of G, N itself is an S-group scheme, and the inclusion N ֒→ G is a homomorphism
Definition 2.6. We say that ϕ : X → Y is a G-enriched principal N-bundle if it is a G-morphism, and is a principal N-bundle [Has3, (2.6) ].
The following is immediate from the definition.
Lemma 2.7. Let ϕ : X → Y be a G-enriched principal N-bundle, and
Lemma 2.8. An N-invariant G-morphism ϕ : X → Y is a G-enriched principal N-bundle if and only if ϕ is qfpqc and the map Φ :
Proof. This is immediate from [Vis, (4.43) ].
Lemma 2.9. A qfpqc morphism is an epimorphism. That is, if f : X → Y is a qfpqc morphism, g and h are morphisms Y → Z, and gf = hf , then g = h.
Proof. Set S := Spec Z. Then there is a commutative diagram
with cartesian squares. By assumption, d X is an isomorphism. By Lemma 2.4, d Y is an isomorphism, and hence g = h.
Corollary 2.10. Let S be a scheme, F an S-group scheme, and ϕ : X → Y an qfpqc F -morphism. If the action of F on X is trivial, then the action of F on Y is trivial.
It is qfpqc. Then af = p 2 f , as ϕ is an F -morphism and the action of F on X is trivial, where a : F × Y → Y is the action, and p 2 : F × Y → Y is the second projection. By Lemma 2.9, a = p 2 , and the action of F on Y is trivial.
Lemma 2.11. Let X and Y be G-schemes, and ϕ : X → Y be a Gmorphism. Then the following are equivalent.
1 ϕ is a G-enriched principal N-bundle.
2 There exists some qfpqc G-morphism h :
3 There exists some qfpqc S-morphism h : 
As the base change X ′′′ → Y ′′′ is also a trivial N-bundle, ϕ : X → Y is a principal N-bundle. As ϕ is assumed to be a G-morphism, it is a G-enriched principal N-bundle.
Lemma 2.12. Let ϕ : X → Y be a principal G-bundle, and P a property of morphisms of schemes as in Lemma 2.4. If G → S satisfies P, then ϕ also satisfies P.
Proof. There is an fpqc morphism Y ′ → Y such that the base change ϕ ′ :
By the Zariski local property and the base change for affine bases, it is easy to check the general base change property, and hence ϕ ′ satisfies P. By Lemma 2.4, ϕ satisfies P.
3. κ-schemes (3.1) Let κ be a cardinal. A topological space X is said to be κ-compact if every open cover of X has a subcover of cardinality strictly less than κ. So X is 1-compact (resp. 2-compact, ℵ 0 -compact, ℵ 1 -compact) if and only if X is empty (resp. local [HO, (8.7) ], (quasi-)compact, Lindelöf), where ℵ 0 = #Q, and ℵ 1 is the successor cardinal of ℵ 0 . If f : X → Y is a surjective continuous map and X is κ-compact, then so is Y .
(3.2) A cardinal is said to be regular if it is equal to its own cofinality [End, p. 257] . In our paper, a regular cardinal is required to be infinite. So κ is regular if and only if for any decomposition κ = i∈I S i for a family of subsets with #I < κ, #S i = κ for at least one i [End, Theorem 9T] . Note that ℵ 0 and infinite successor cardinals are regular. By the definition, an inaccessible cardinal is regular [End, p. 254] .
Let κ be regular. Let (Y i ) i∈I be a family of subspaces of X. If i Y i = X, each Y i is κ-compact, and #I < κ, then X is also κ-compact. 
′ and ϕ is κ-compact, then it is κ ′ -compact. A quasicompact morphism is nothing but an ℵ 0 -compact morphism. So a quasicompact morphism is κ-compact.
(3.6) Let κ be regular. If ϕ : X → Y is a morphism of schemes, Y is κ-compact, and ϕ is κ-compact, then X is κ-compact. It follows that a composite of κ-compact morphisms is again κ-compact in this case.
(3.7) Let κ be a regular cardinal. A morphism of schemes ϕ :
A quasi-separated morphism is nothing but an ℵ 0 -quasi-separated morphism. As in [Gro, (1. 2)], we can prove the following. An immersion is κ-quasi-separated. A base change of a κ-quasi-separated morphism is κ-quasi-separated. Let f : X → Y and g : Y → Z be morphisms. If f and g are κ-quasi-separated, then so is gf . If gf is κ-quasi-separated, then so is f . If g is κ-quasi-separated and gf is κ-compact, then f is κ-compact.
(3.8) We call a κ-compact κ-quasi-separated morphism a κ-concentrated morphism. The composition of κ-concentrated morphisms is κ-concentrated.
The base change of a κ-concentrated morphism is κ-concentrated. If gf and g are κ-concentrated, then so is f .
(3.9) Let λ be an infinite cardinal. Let h : A → B be a map of commutative rings. We say that h is of λ-type if B is generated by a subset whose cardinal is strictly less than λ over A. So h is of finite type if and only if h is of ℵ 0 -type. We say that a ring A is λ-type if Z → A is of λ-type. If λ > ℵ 0 , then A is of λ-type if and only if #A < λ. In particular, if λ > ℵ 0 , then a subring of a ring of λ-type is again of λ-type. If A is a pure subring of B, and B is a ring of λ-type, then A is also of λ-type. If λ > ℵ 0 , then this is because A ⊂ B. If λ = ℵ 0 , then B is of finite type over Z, and hence so is A by [Has] . In particular, if A → B is faithfully flat and B is of λ-type, then so is A. Let B be an A-algebra, and C a B-algebra. If B is of λ-type over A and C is of λ-type over B, then C is of λ-type over A. If C is of λ-type over A, then it is of λ-type over B. 
is of λ-type. A morphism locally of finite-type is locally of λ-type. It is easy to see that a base change of a locally λ-type morphism is again locally of λ-type. Note that Spec B → Spec A is locally of λ-type if and only if A → B is of λ-type. (3.11) From now on, until the end of this paper, let κ denote a regular cardinal. We say that a morphism of schemes ϕ : X → Y is a κ-morphism if it is locally of κ-type and κ-concentrated. A scheme X is said to be a κ-scheme if X → Spec Z is a κ-morphism. The composite of two κ-morphisms is a κ-morphism. In particular, if Y is a κ-scheme and ϕ : X → Y is a κ-scheme, then X is a κ-scheme. A base change of a κ-morphism is a κ-morphism. In particular, a direct product of κ-schemes is a κ-scheme. If f : X → Y and g : Y → Z are morphisms and gf is a κ-morphism, then so is f . It follows that if a ring A is of κ-type, then any subset of Spec A is κ-compact. So any subscheme of a κ-scheme is again a κ-scheme. If X is a κ-scheme, then a local ring O X,x is a κ-ring. If ϕ : X → Y is an fpqc morphism and X is a κ-scheme, then Y is a κ-scheme. For a given set of schemes Ω, there exists some κ such that any element of Ω is a κ-scheme.
(3.13) We can add the properties of morphisms κ-compact, κ-quasi-separated, locally of κ-type to the list of properties P in Lemma 2.4. So these properties descends with respect to qfpqc base change. In particular, by Lemma 5.31, 5 and Lemma 2.12, a principal G-bundle is a κ-morphism, if G → S is so.
(3.14) For a given scheme S, we denote the full subcategory of Sch/S consisting of objects such that the structure morphisms are κ-morphisms by
Lemma 3.15. Let S be a scheme, and κ a regular cardinal. Then the category (Sch/S) κ is skeletally small.
Proof. Replacing κ if necessary, we may assume that S is a κ-scheme. So (Sch/S) κ is equivalent to (Sch/Z) κ /S. If a category C is skeletally small and c ∈ C, then C/c is skeletally small. So We may assume that S = Spec Z. Let R be a complete set of representatives of isomorphism classes of Z-algebras of κ-type. Note that R can be a subset of the set of quotients of the polynomial ring Z[x α ] α∈κ , and certainly a small set. Thus the category A of affine κ-schemes is skeletally small.
Let I 0 = κ and I 1 = I 0 × I 0 × κ. Let I be the small category with the object set Ob(I) = I 0 I 1 , and Hom(i, j) is a singleton if j = (j, j ′ , k) ∈ I 1 and i ∈ {j, j ′ } ⊂ I 0 , and empty otherwise. The category of I op -diagrams of affine κ-schemes B = Func(I op , A) is skeletally small. Any κ-scheme can be expressed as
So the collections determines an object X = (((U i ), (U ikj ))) of B, and X is the colimit of X . By the uniqueness of the colimit, the category of κ-schemes is also skeletally small.
Module sheaves over a ringed site
(4.1) Let C = (C, O C ) be a ringed site. That is, C is a site (a category equipped with a pretopology) and O C is a sheaf of commutative rings on C.
The category of O C -modules is denoted by Mod(C). A free sheaf on C is an O C -module which is isomorphic to a direct sum of copies of the O C -module O C . A sheaf of O C -modules M is said to be quasi-coherent (resp. invertible) if for any c ∈ C, there exists some covering (c λ → c) such that for each λ, there is an exact sequence of sheaves of O C | c λ -modules of the form
with F 1 and F 0 free (resp. F 1 = 0 and F 0 = O C | c λ ). Obviously, a quasicoherent sheaf is invertible. The category of quasi-coherent sheaves (resp. invertible sheaves) on C is denoted by Qch(C) (resp. Inv(C)).
An O C -module of the formM is quasi-coherent.
(4.3) Let C and D be sites and f : D → C a functor. In this paper, we say that f is continuous if for any d ∈ D and any covering (
be a morphism of ringed sites. That is, f : D → C is a continuous functor, and η :
is a map of sheaves of commutative rings. Then almost by definition, if M ∈ Mod(D) is quasi-coherent (resp. invertible), then so is f * M.
(4.4) Let C be a site. An E C -morphism is a morphism that appears as a part of a covering. A subset B of Ob(C) is said to be a basis of the topology of C if for any U ∈ Ob(C) and any covering (V λ → U), there is a refinement (W µ → U) of (V λ → U) such that each W µ belongs to B. An object U of C is said to be quasi-compact if for any covering (V λ → U) λ∈Λ of U, there is a finite subset Λ 0 of Λ such that (V λ → U) Λ 0 is also a covering of U. An object U of C is said to be quasi-separated if for any quasi-compact objects V , W and any
A subset B of Ob(C) is said to be quasi-compact (resp. quasi-separated) if each element of B is quasi-compact (resp. quasi-separated).
We say that C is locally concentrated if C has a quasi-compact quasiseparated base of topology.
(4.5) Let C be a site with a basis of topology B. Let D be a full subcategory of C such that Ob(D) consists of quasi-compact quasi-separated objects.
We say that a presheaf of abelian groups M on D is a D-sheaf, if for any U ∈ D, for any finite covering (V i → U) of U with V i ∈ B, for any coverings
is exact. Let Ps(D) and Ps(C) be the category of presheaves of abelian groups, and let Sh(C) be the category of sheaves of abelian groups. Let Sh(D) be the category of D-sheaves.
Let ι : D → C be the inclusion. Then there is an obvious commutative diagram Sh(C)
, where q are the inclusions.
Lemma 4.6. Let the notation be as above. Then there is a functor γ : Ps(D) → Sh(C) such that the following are satisfied.
Moreover, we have
is an equivalence with γq its quasi-inverse.
where (V i → W ) i∈I runs through the coverings of W with V i ∈ B (the index set I may be infinite), and (
It is easy to see thatȞ Lemma 4.7 (cf. [Kem, Theorem 8] ). Let C be a locally concentrated site, and U a quasi-compact quasi-separated object of C. Let F α be a filtered inductive system of abelian sheaves on C. Then the canonical map
is an isomorphism.
Proof. First consider the case that i = 0. Let L be the inductive limit of (F α ) in the category of presheaves so that the left hand side is L(U). Let V = (V i → U) be any finite covering with V i quasi-compact quasiseparated, and (V ijk → V i × U V j ) be finite coverings with V ijk quasi-compact quasi-separated. Now
is exact, since each F α is a sheaf. Taking the inductive limit,
is also exact, since the inductive limit is compatible with any finite product. Applying Lemma 4.6, 4 for the full subcategory D of C consisting of all the quasi-compact quasi-separated objects, we have the case for i = 0 immediately, as the sheafification a L of L is lim − → F α . Now consider the general case. Let I
• α be the injective resolution of F α . It suffices to show that lim
To show this, it suffices to show that if (I α ) is an inductive system of abelian sheaves which are Γ(U, ?)-acyclic for any quasi-compact quasi-separated U, then H i (U, lim − → I α ) = 0 for any quasi-compact quasi-separated U and i > 0. This is checked as in [Mil, (2.12 )], and is left to the reader.
Corollary 4.8. Let (C, O) be a locally concentrated ringed site. Then for any quasi-coherent sheaf M over C and c ∈ C, there exists some covering (c λ → c) such that for each λ, M| c λ is isomorphic toM λ for some
Proof. There is a covering (c λ → c) such that for each λ, there exists some exact sequence of the form
with F λ,1 and F λ,0 free. We may assume that each c λ is quasi-compact quasiseparated.
Let M λ be the cokernel of the map
Then there is a commutative diagram
, where h 1 , h 0 and h are canonical maps. Thus it suffices to show that h 1 and h 0 are isomorphisms. This is proved easily, using Lemma 4.7.
5. Grothendieck's descent (5.1) Let C be a class of morphisms of schemes. We assume that 1 All isomorphisms are in C.
2 If f : X → Y and g : Y → Z are morphisms and g ∈ C, then f ∈ C if and only if gf ∈ C.
Sometimes we identify C as a subcategory of Sch such that Ob(C) = Ob(Sch) and Mor(C) = C. When we take the fiber product of two morphisms with the same codomain in C in the category Sch, it is also a fiber product in C.
For a scheme T , the category C/T is a full subcategory of Sch/T . Further, we assume that 4 C/T is skeletally small for any scheme T .
(5.2) Let E be a Grothendieck pretopology on Sch/S such as Zariski,étale, fppf, and fpqc. An E-morphism is a morphism in Sch/S which appear as a morphism of some covering (such as an open immersion,étale map, flat map locally of finite presentation, and flat map). We assume that an Emorphism is in C. We also assume that the presheaf O of rings defined by O(X) = Γ(X, O X ) is a sheaf with respect to E.
(5.3) Let I be a small category, and X • an I op -diagram of S-schemes. We define (C/X • ) E to be the ringed site defined as follows. An object of (C/X • ) E is a pair (i, f : U → X i ) such that i ∈ Ob(I) and f ∈ C. A morphism from (j, f : U → X j ) to (i, g : V → X i ) is a pair (φ, h) such that φ : i → j is a morphism in I, and h : U → V is a morphism such that gh = X φ f . The composition is given by (φ
with the same codomain (i, U) is a covering if i λ = i, φ λ = id λ , and the collection (h λ : U λ → U) is a covering of U in E. The structure sheaf O is defined in an appropriate way. 
(5.7) Let E = Fpqc (resp. Qfpqc) be the pretopology whose covering (V λ → U) is a family of S-morphisms such that the induced morphism λ V λ → U is fpqc (resp. qfpqc). We have a morphism of ringed sites ν :
(5.8) Note that (i, f : U → X i ) with U affine forms a quasi-compact quasiseparated basis of topology of Zar(X • ). Similarly for Zar b (X • ) and Fpqc(X • ). Thus these sites are locally concentrated.
(5.9) Considering the case that I = 1 (the discrete category with one object), we have Zar(X), Zar b (X), and Fpqc(X) for a single scheme X.
(5.10) Until the end of this section, let C and E be as in (5.1) and (5.2). Let I and X • be as in (5.3).
Lemma 5.11. The restriction functor (?
has both a left adjoint and a right adjoint. In particular, (?) J preserves arbitrary limits and colimits. In particular, (?) J is exact.
Proof 
Proof. This is proved similarly to [Has2, (6.25) ].
Lemma 5.13. Let I be a small category, and
• is an exact functor. Proof. By Lemma 5.12 applied to J = {i}, we may assume that I = 1, and the problem is on a morphism f : X → Y of single schemes which lies in C. Then the inverse image of the presheaf module (f
, where the colimit is taken over pairs (V, h) with V ∈ C/Y and h ∈ Mor(U, V ). But as f ∈ C, the colimit is taken over a category with the final object (U, 1 U ), and hence
p M is already a sheaf, and the assertion follows.
Lemma 5.14. Let I be a small category, and
Proof. By [Lip, (3.7. 2)] and Lemma 5.12, it suffices to prove that
is an isomorphism for each i ∈ I, and we may assume that I = 1. Then for M ∈ Mod((C/X) E ) and U ∈ C/Y ′ , θ is the identity map on Γ(U × Y X, M), and is an isomorphism.
with V = Spec A, the source of g, affine, we have that the canonical map
is an isomorphism. Similar results hold for the other two sites.
Proof. This follows immediately from [Vis, (4.22) ] and Lemma 4.6.
Lemma 5.16. Let M ∈ Mod(X • ). Then the following are equivalent.
Similar results hold for the other two sites.
Proof. 1⇒2. It suffices to show thatM ∼ = M| (i,f ) for some A-module M. By Corollary 4.8, for some faithfully flat algebra A ′ of A,Ñ ∼ = M| (i,f h) , where h : Spec A ′ → Spec A is the canonical map, and N = Γ((i, f h), M). Now we can find such an M by the descent theory [Vis, (4.21) ].
2⇒3 follows from Lemma 5.15. 3⇒1 Let (i, f : U → X i ) be an object of Zar(X • ) (resp. Zar
by the uniqueness assertion in Lemma 4.6. The assertion follows.
Lemma 5.17. Let ϕ : X → Y be an qfpqc morphism of schemes. Let M be an O Y -module. Then M is quasi-coherent (resp. an invertible sheaf) if and only if ϕ * M is so.
Proof. If M is quasi-coherent or invertible, then obviously ϕ * M is so. In order to prove the converse, as the question is local on Y , we may assume that Y is affine. Then we may assume that X is affine and ϕ is flat. The assertion follows from [Has2, (10.14) ] for quasi-coherence. To prove the assertion for invertible sheaves, it suffices to show that if A → B is a homomorphims of commutative rings, M an A-module, and B ⊗ A M is rank-one projective, then M is rank-one projective. As B ⊗ A M is finitely presented and flat, M is so. Thus M is finite projective. It is easy to see that M has rank one. It is obvious that the inverse image preserves invertible sheaves. As µ * (M ) ∼ =M, it suffices to show that for any faithfully flat ring homomorphism A → B and an A-module M, M is rank-one projective if and only if B ⊗ A M is rank-one projective, in order to prove that µ * preserves invertible sheaves. This is done in the proof of Lemma 5.17.
Similarly for ν.
is commutative.
Proof. Obvious.
Lemma 5.20. Let ϕ : X → Y be a qfpqc morphism of schemes. Then
, where u is the unit map for the adjoint pair (ϕ * , ϕ * ), p i : X × Y X → X is the ith projection, ψ = ϕp 1 = ϕp 2 , and β i is the composite
Proof. This is equivalent to say that µ * (M) is already a sheaf in the fpqc topology, which is equivalent to the qfpqc topology. But this is trivial, as Lemma 5.24.
. Then M is quasi-coherent if and only if it is locally quasi-coherent and equivariant.
Proof. The case M ∈ Mod(X • ) is [Has2, (7. 3)]. The other cases are proved using the discussion of [Has2, (7. 3)], Lemma 5.16, and Lemma 5.19.
Lemma 5.25. Assume that X φ ∈ C for φ ∈ Mor(I). If
is an exact sequence in Mod((C/X • ) E ) and M 1 , M 2 , M 4 , and M 5 are equivariant, then M 3 is equivariant. In particular, EM((C/X • ) E ) is closed under extensions, kernels, and cokernels in Mod((C/X • ) E ), and hence itself is an abelian category, and the inclusion
is an exact functor.
Proof. For each morphism φ : i → j of I, consider the commutative diagram
The rows are exact by Lemma 5.11 and Lemma 5.13. By assumption, α φ (M i ) is an isomorphism for i = 1, 2, 4, 5. By the five lemma, α φ (M 3 ) is also an isomorphism. Hence M 3 is equivariant.
(5.26) Let S be a scheme, and G an S-group scheme. Fix κ sufficiently large so that G → S is a κ-morphism. Let X be a G-scheme.
(5.27) We define Zar(G, X) := Zar(B M G (X)) and Zar + (G, X) := Zar(B G (X) (∆) mon ). See for the notation, see [Has2] . Strictly speaking, the object set of Zar(X • ) is slightly different in [Has2] . In our definition, an object of Zar(X • ) is a pair (i, h : U → X i ) with h an open immersion, while in [Has2] , h is required to be the inclusion map of an open subscheme. But this difference will not cause any trouble. The category of (G, : Mod
: Mod
, and so on. These functors induce equivalences
and so on. Thus the six categories
are equivalent and identified in a natural way.
(5.29) The category EM(G, X) and Qch(G, X) are identified with the category of G-linearized O X -modules and that of G-linearized quasi-coherent O X -modules defined in [MFK] , respectively. Letting Qch /S denote the stack of quasi-coherent sheaves in (Zariski site) over Sch/S with the fpqc topology (see [Vis, (4.23) ]), Qch(G, X) is also equivalent to the category (Qch /S(X))
(5.30) Let F be an S-group scheme, and X an S-scheme on which F acts trivially. For an (F,
A similar definition can be done for the fpqc topology.
Let ρ : p * M → p * M be the F -linearization, where p = p 2 = a : F × X → X is the (trivial) action, which equals the second projection. Then M F is the kernel of (1
If p is quasi-compact and M is quasi-coherent, then it is easy to see that M F is also quasi-coherent.
is its quasi-inverse. The unit of adjunction u : Id → (?) G ϕ * ϕ * is the map induced by the unit of adjunction u ′ : Id → ϕ * ϕ * of the adjoint pair (ϕ * , ϕ * ). That is, u is the unique map such that
where ε ′ is the counit of the adjunction of (ϕ * , ϕ * ).
is an adjoint pair. Indeed, the composite
is the identity almost by definition and the equality (ε
is the identity, since ι is a monomorphism, and the diagram
Proof. We only need to prove the last assertion. By definition, the quasicoherence is local. So ϕ * N is locally quasi-coherent for N ∈ Qch Fpqc (Y ). The equivariance of ϕ * N is trivial, so ϕ * N ∈ Qch Fpqc (G, X). Conversely, if ϕ * N is quasi-coherent, then N is quasi-coherent simply by the local nature of quasi-coherence.
6. Enriched Grothendieck's descent (6.1) Let S be a scheme, and G an S-group scheme.
Lemma 6.2. A principal G-bundle ϕ : X → Y is a universal geometric quotient in the sense of [MFK] . In particular, it is a categorical quotient, and hence is uniquely determined only by the G-scheme X.
Proof. As a base change of a principal G-bundle is again a principal Gbundle, it is enough to show that a principal G-bundle is a geometric quotient.
Let ϕ : X → Y be a principal G-bundle. By Proposition 5.31, u :
G is an isomorphism. By Lemma 2.3, 4, ϕ is submersive. By assumption, ϕ is G-invariant. The map Φ : G × X → X × Y X is surjective, since it is an isomorphism by Lemma 2.8.
(6.3) From now on, until the end of this paper, let f : G → H be a qfpqc homomorphism of S-group schemes, and N = Ker f . Note that N is a normal subgroup scheme of G.
1 , g 1 ) is its inverse. So f is a G-enriched principal N-bundle by Lemma 2.8.
Lemma 6.5. Let X be a G-scheme on which N acts trivially. Then there is a unique action a
is commutative, where a X : G × X → X is the given action.
Proof. Let X ′ be the S-scheme X with the trivial G-action. Then being a base change of f , f × 1 X : G × X ′ → H × X ′ is a geometric quotient under the action of N by Lemma 6.2. In particular, it is a categorical quotient under the action of N by [MFK, Proposition 0.1] . As a X : G × X ′ → X is an N-invariant morphism, there is a unique morphism a ′ X : H × X → X such that the diagram (1) is commutative.
We compare the two maps a
to the right, they agree by the commutativity of (1) and the facts that f is a homomorphism, and that a X is an action. By Lemma 2.9, the two maps agree. It is easy to see that
is the identity, where u H : S → H is the unit element. Thus a ′ X is an action of H on X.
(that is, in a unique way so that the diagram (1) is commutative), a X : G × X → X is an action, and N acts trivially on X. From now on, we identify an H-scheme and a G-scheme on which N acts trivially.
Lemma 6.7. Let ϕ : X → Y be a G-morphism which is also a geometric quotient under the action of N. Let U be a G-stable open subset of X. Then
In particular, it is a G-morphism which is a geometric quotient under the action of N. If, moreover, ϕ is a principal N-bundle (resp. trivial N-bundle), then so is ϕ| U : U → ϕ(U).
is surjective, and U(ξ) = ϕ −1 (ϕ(U(ξ))). Then there exists some x ∈ U(ξ) and y ∈ ϕ −1 (ϕ(U(ξ))) \ U(ξ) such that ϕ(x) = ϕ(y). There exists some g ∈ G(ξ) such that Φ(g, x) = (gx, x) = (y, x). This contradicts the assumption that U is G-stable.
2 As ϕ is submersive and
This shows that V is G-stable.
3 follows from 1 and 2.
(6.8) Until the end of this section, we fix a regular cardinal κ sufficiently large so that the structure morphism G → S is a κ-morphism (such a κ exists). Let X be an H-scheme. We want to show that the category Qch(H, X) of quasi-coherent (H, O X )-modules and the category Qch N (G, X) of quasicoherent (G, O X )-modules on which N acts trivially are equivalent. Similarly, we want to show that EM Fpqc (H, X) is equivalent to the category of N-trivial
For the purpose above, we need the notion of G-linearized O X -modules by Mumford [MFK] (in the fpqc topology).
Let F be an S-group scheme, and Z be an F -scheme. An
is commutative, where µ : F × F → F is the product, a : F × Z → Z is the action, p 2 : F ×Z → Z is the second projection, and p 23 :
(6.9) Let F be as above, and let ϕ :
It is easy to check that the F -linearization is given by the composite
(6.10) Assume that F → S is a κ-morphism. For N ∈ EM Fpqc (F, X), we have ϕ * N ∈ EM Fpqc (F, Y ) (this is proved similarly to [Has2, (7. 14)]). So ϕ * N has a structure of an
where θ is Lipman's theta [Has2, (1.21) ], which is an isomorphism (this is true because we are considering the fpqc site, see Lemma 5.14).
(6.11) Let h : F → F ′ be a homomorphism of S-group schemes. Let Z be an F ′ -scheme. Then Z is an F -scheme in an obvious way, and we get a map
For the definition of B M F (Z), see [Has2, Chapter 29] . This induces the pull-back Has2, (7.22) ]. We denote this functor by res
(6.12) Corresponding to res
(6.13) Let F be an S-group scheme, and X an F -scheme on which F -acts trivially. It is easy to see that M ∈ Mod(G, X) (resp. M ∈ Mod Fpqc (G, X)) is F -trivial if and only if M ∼ = res
, where {e} is the trivial group scheme.
where P (n, g, x) = gx. The N-linearization ζ of (p 2 ) * G M is given similarly.
Lemma 6.16. Let the notation be as above. Then ρ :
Proof. 1 is proved similarly to [Has2, (6.25) ]. 2 follows from 1. To prove 3, we may assume that f : X → Y is a map of single schemes. It is easy to check the assertion for the case that f is an open immersion. So we may assume that both X = Spec B and Y = Spec A are affine, and M =M . Then it is easy to see that θ is the identity map (
is an equivalence, and ϕ * : Proof. ϕ * is a functor from EM(G, X) to EM(G, Y ) (again, we use the commutativity of Lipman's theta. This is known to be true for quasi-coherent sheaves over small Zariski site only for the case that G is flat and f is quasicompact quasi-separated, see [Has2, (7.12) N ϕ * j * j * : Qch(G, X) ∼ = Qch(H, Y ). As j * j * : Qch(G, X) → Qch(G, X) is an autoequivalence, (?) N ϕ * : Qch(G, X) → Qch(H, Y ) is an equivalence. The rest is easy.
Remark 6.22. The statement of Corollary 6.21 is independent of the choice of κ, as it is an assertion for the Zariski topology.
7. Equivariant Picard groups and class groups (7.1) Let f : G → H be a qfpqc homomorphism of S-group schemes, and N = Ker f , as above. Proof. This is immediate from Corollary 6.21 and Lemma 5.17.
(7.3) Now assume that G and N are flat over S. Being a principal Nbundle, f is also flat, and hence is fpqc. So H is also flat over S. Proof. Note that ϕ is fpqc by Lemma 2.12, as N → S is fpqc. Now the assertion follows from Corollary 6.21 and [Has3, (5.32) ].
(7.5) Temporarily forget our settings on G, H, and N.
Example 7.6. Let N be an S-group scheme, and H another S-group scheme acting on N as group automorphisms. We say that X is an H-equivariant Nscheme when X is an H-scheme N-scheme such that the action a X : N ×X → X is an H-morphism. When we set G := N ⋊H, the semidirect product, then an H-equivariant N-scheme and a G-scheme is the same thing. We define: An H-equivariant N-morphism is a G-morphism. An H-equivariant N-invariant morphism is a G-morphism which is N-invariant. An H-equivariant principal N-bundle is a G-enriched principal N-bundle.
Thus our results also apply to equivariant principal bundles.
Example 7.7. Let k be a field, and N 0 a finiteétale k-group scheme, and ϕ : X → Y a principal N 0 -bundle. Let k ′ be a finite Galois extension of k such that k ′ ⊗ N 0 is a constant finite group N. That is, N is a finite group
as k ′ -Hopf algebras. We understand that N also denotes the constant group scheme over k. So k ′ ⊗ N 0 ∼ = k ′ ⊗ N. Note that the finite group N is identified with the group of k ′ -valued points of N 0 , N 0 (k ′ ) = (Sch/k)(Spec k ′ , N 0 ). Let H be the Galois group of k ′ /k. H acts on N 0 trivially, and it also acts on k ′ ⊗k[N 0 ] ∼ = k ′ ⊗k [N] . As an algebra automorphism preserves idempotents and k[N] is the k-subalgebra generated by the idempotents of k ′ ⊗ k[N], H acts on k[N], and so H acts on N. Thus the composite
is an action of N on X ′ = Spec k ′ × X, and the action is H-equivariant, where α(n 0 , w, x) = (w, n 0 x). Now it is easy to see that the base change ϕ ′ : X ′ → Y ′ of ϕ by Spec k ′ → Spec k is an H-equivariant principal Nbundle, as a k-morphism. So it is also a G-enriched principal N-bundle, where G = N ⋊ H. Note that the diagram of equivalences is commutative up to natural isomorphisms
Thus (ϕ ′ ) * does almost the same thing as ϕ * , but G and H are constant groups, and no group scheme appears, while ϕ is a principal N 0 -bundle, and N 0 need not be constant.
